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Kinematic Limit Analysis of
Nonassociated Perfectly Plastic
Material by the Bipotential
Approach and Finite Element
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Limit analysis is one of the most fundamental methods of plasticity. For the nonstandard
model, the concept of the bipotential, representing the dissipated plastic power, allowed
us to extend limit analysis theorems to the nonassociated flow rules. In this work, the
kinematic approach is used to find the limit load and its corresponding collapse mecha-
nism. Because the bipotential contains in its expression the stress field of the limit state,
the kinematic approach is coupled with the static one. For this reason, a solution of
kinematic problem is obtained in two steps. In the first one, the stress field is assumed to
be constant and a velocity field is computed by the use of the kinematic theorem. Then,
the second step consists to compute the stress field by means of constitutive relations
keeping the velocity field constant and equal to that of the previous step. A regularization
method is used to overcome problems related to the nondifferentiability of the dissipation
function. A successive approximation algorithm is used to treat the coupling question. A
simple compression-traction of a nonassociated rigid perfectly plastic material and an
application of punching by finite element method are presented in the end of the paper.
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1 Introduction

In solid mechanics, the knowledge of the plastic limit state is
very important in the design of structures according to a plastic
strength criterion. To deal with, the modern limit analysis is a
direct and an efficient tool. In the frame of the standard model of
the plasticity, the modern limit analysis is founded on rigorous
mathematical formulation and serious computational methods as
convex analysis and mathematical programming [1-11]. However,
in the case of the nonassociated plasticity, constitutive laws usu-
ally proposed in the literature require the use of two stress func-
tions, the yield function and the so-called plastic potential [12].
Using this model, the limit analysis cannot be applied.

On the other hand, an alternative approach to the nonassociated
plasticity stems from the model of implicit standard materials. The
crucial idea consists of introducing the so-called bipotential, de-
pending on both the stress and plastic strain rate. The knowledge
of this unique function allows simultaneously defining the yield
locus and the yielding rule. In the frame of the convex analysis,
the bipotential approach extends in a natural way Fenchel’s in-
equality [13] and Moreau’s superpotential [ 14]. This idea was suc-
cessfully applied to Coulomb’s dry friction [15-17] and the soil
materials [18-20]. Recently, a straightforward extension of the
limit analysis bound theorems was proposed for the nonassociated
flow rules by De Saxcé and Bousshine [21]. This extension allows
limit analysis to be applied to more real engineering problems.

The kinematic approach consists of minimizing the plastic dis-
sipation power, represented here by the plastic bipotential,
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throughout the rigid nonassociated perfectly plastic body under
compatibility conditions, with respect to the velocity field. One of
the fundamental aspects of the nonassociated limit analysis is the
coupling between the two approaches, static and kinematic. In-
deed, the functional (total plastic dissipation) to minimize in the
kinematic problem contains static variables of the limit state. Con-
versely, the static approach contains the kinematic variables of the
limit state. In this paper, the effort will be focused only to the
kinematic approach that will be used to find a plastic limit state.

The presence of the stress field in the plastic dissipation is the
main difficulty when we are looking for a solution to the kine-
matic problem. In fact, in the kinematic formulation, the stress
field won’t have any chance to verify neither the equilibrium
equations nor the yield condition. A best solution consists of using
the constitutive relations where stresses will be computed from
the value of displacement field. This main difficulty will be solved
by using the successive approximation algorithm in two stages
[22,23]. The first one consists of keeping constant the value of the
stress field and an approximation of velocity field will be obtained
by solving the kinematic problem. In the second stage, the veloc-
ity field is kept constant and equal to the one obtained from the
last step. A new approximation of the stress field is computed in
order to satisfy the constitutive law. We notice here that the plastic
bipotential is not differentiable and consequently the use of con-
stitutive law merits to be treated. A regularization method illus-
trated previously in Ref. [9] allows us to overcome this difficulty.
To show the feasibility of the proposed method, a simplest homo-
geneous deforming field is used in a simple plane strain example.
Finite element method is adopted to perform an important appli-
cation of punching process.

To model the nonassociative plastic flow rule of the material,
we consider here the law used by Van Langen and Vermer [24],
Rudnicki and Rice [25], and many other authors. This constitutive
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Fig. 1 Nonassociated flow rule with Drucker—Prager cone

relation uses the Drucker—Prager yield locus, which depends on
two parameters, the cohesion ¢ and the friction angle ¢. The non-
associativity of the flow rule is characterized by a third parameter,
the plastic dilatancy angle 6, lying within the range from 0 to ¢.

2 Constitutive Relations for Nonassociated Plasticity

Let us consider that o denoted the stress tensor within a body
made of a rigid perfectly plastic material. In an usual manner, the
plastic yield criterion is represented by a convex set K, such as

K,={o such that f(o)=0} (1)

where f(o) is a mathematical function characterizing the strength
of the material. In the following, a stress field o is said to be
plastically admissible (PA) if o belongs to the set K,. In this
paper, the Drucker—Prager model is chosen for representing the
plastic strength of the material. In this model, the loading stress
function f(o) is written in terms of the hydrostatic pressure s,,
(sngTr(U)); the symbol Tr means trace) and the deviator stress
tensor s=o0—s,,/[:

where ||s|| is the Euclidean norm of the deviatoric stress tensor
given by ||s|=+/Tr(s?). The material parameters ¢ and ¢ are, re-
spectively, the cohesion and the internal angle of friction. The
constant r, appearing in the Eq. (2) is related to the internal angle
of friction according to the adopted matching of the Drucker—
Prager criterion with the Mohr—Coulomb cone [9].

For more realistic materials, the flow rule is generally nonasso-
ciated and characterized by an additional constant material called
plastic dilatancy angle, denoted as €, within the range from 0 to ¢.
For any regular stress point of the plastic yielding surface, the
plastic strain rate vector has an orientation defined by 6 [18-20];
at the vertex (s,,=c/tan @,||s|=0), it belongs to the cone K, of
vectors having an orientation less than or equal to 6 (Fig. 1):

K,={8"=(é",¢") such that ¢ =r tan 6|¢”|} 3)

m?

where é° and ||é| are, respectively, the trace of strain tensor rates
&P and the Euclidean norm of the deviator strain rate one, é’:

e’ =Tr(g") lé?ll = NTr(eP)? 4)

. and

2.1 Plastic Potential. A widely used modeling of nonassocia-
tive flow rules is based on a couple of stress functions, the yield
function f(o) to define the yield locus and Melan’s plastic poten-
tial Q(o) to precise the direction of the plastic strain rate vector
[12]:

* If f(0)=0 and o is a regular point of the plastic yielding
surface then
-90(0)

such that &’ = )\(9_ (5)
o

IN=0

* If f(0) <O then
§'=0 (6)
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For Drucker—Prager model, the plastic potential Q(o) have the
following expression that differs from the yield one by the angle 6
replacing ¢ [26]:

00)=Qlsy9)= Il 5, tam 0= )

The application of the normality rule with Melan’s plastic poten-
tial (7) leads to the nonassociated constitutive law introduced for
granular materials in Ref. [21] as follows:

(é" + r(tan @ — tan 6)|é’],é") e 19(//,(0(0) (8)

where ¢ _is the indicator function of the set K, defined such that
1,0,(0(0-)=0, if e K, and l/lKU(O')=+°°, otherwise.

Unfortunately, this approach, based on the Melan’s plastic po-
tential, does not allow extending some theories to the nonassoci-
ated flow rules for granular materials or to the Coulomb’s dry
friction law. Indeed, the good properties of standard materials de-
rived from the key concepts of convexity and normality are
loosed. Because these later ones are very convenient tools, the
theory of the implicit standard materials (ISM) was introduced in
order to extend in a natural way the good properties of the usual
standard materials to the nonassociated laws as granular material
plasticity and contact mechanics.

2.2 Bipotential Concept. It is based on the consideration of
the normality rule, which is written in the weak form of an im-
plicit relation (in the sense of the implicit function theorem). A
scalar function b), is said to be a bipotential if the following in-
equality is satisfied as follows:

Vo' €K, V & €K, by, a)=0 & (9)
The given function b, is separately convex with respect to the

variables ¢ and &” and a pair (o,&”) is said to be extremal if the
following equality is achieved in the previous definition (9):

(10)

meaning that the internal power for any couple (o, £) is defined by
the duality product where the stress o and the plastic strain rate £”
are related by the material law. Based on the bipotential definition
(9), any extremal couple (o, &”) is characterized by the following
subdifferential relations:

b,(e"o)=0.8"

& € d,b,(s",0), (11)

In Refs. [18,21], for the Drucker—Prager model with nonassoci-
ated flow rule, one proves that the following expression is a
bipotential:

If é» =7 tan 6||¢?|| and o € K,

o € Jyb,(",0)

b, (g7, 0) =

c " c .
p et - tan 0 =,
® tan @
else
by(&",0) =+ (12)

or, in a compact form, the last function may be rewritten in terms
of indicator functions by the following expression:

b,(&",0) = < éh +r(tan ¢ —tan 6’)(L - sm>||é”H + g (0)
tan ¢ tan ¢ v
e (&) (13)

where i represents the indicator function of the set K. The
plastic flow rule and its inverse are expressed as an implicit nor-
mality law given by the differential inclusions (11). For more
details, the reader is referred to the paper [21]. According to the
expression of the bipotentials (12) or (13), one notices the pres-
ence, for the nonassociated flow rule, of a coupling term between
stress and strain rate represented by the second term. This cou-
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pling term cannot be disappeared from the bipotential expression,
except the event 6=¢.

Remark. Tt can be noted that the last term in Egs. (12) or (13) is
the critical one in the bipotential expression because it is respon-
sible for the coupling between stress and strain rates. The case 6
=@ corresponds to the particular case of the associated flow rule
and the bipotential is separable as follows:

If ¢/ =r tan ¢||¢”|| and o € K,

b,(&7,0) = V(") + W(0)

else
by(é",0) =+ (14)
with
V(") = ——é” and W(0)=0 (15)
tan ¢

The present approach of the bipotential provides a frame theory of
nonassociative constitutive laws of a kind of materials, like granu-
lar materials, radically different from the usual one using the con-
cept of Melan’s plastic potential. The law doesn’t stem from two
different functions, the plastic potential and the yield function, but
only from a single function, the bipotential containing at once
stress and strain rate. The contribution of this point of view to the
limit analysis theory consists of the extension of static and kine-
matic approaches for nonassociated behaviors as these used for
plastic flow of granular material or unilateral contact of dry fric-
tion [21]. Not only to limit analysis but also to nonassociated
shakedown theory by Bousshine et al. [27], Chaaba et al. [28], and
by De Saxcé et al. [29].

3 Nonassociated Limit Analysis by Kinematic
Approach

On the basis of the bipotential theory, this section aims to
present the founding of an extended formulation of the kinematic
limit analysis approach to nonassociated plastic flow rules, in par-
ticular those obeying to the nonassociated Drucker—Prager one.
First, let us clarify the limit load concept in the framework of ISM
based on the bipotential approach. Recall that in the case of asso-
ciated plasticity (standard plasticity) the concept of limit load is
defined by the fact that such load could be achieved by an elasto-
plastic evolution step by step of the deformable body at stake. The
limit load notion in the situation of nonassociated plasticity within
the framework of the ISM may also be reached by following the
elastoplastic evolution until the appearance of the plastic flow
mechanism. In order to support this statement, let us consider an
elastic perfectly plastic deformable body according to ISM rule

subjected to body forces f, to surface tractions 7 on a part of the
boundary of the body and to kinematic boundary on the other part.
The stresses tensor o and displacement velocity vector u# as a
response of the continuum have to fulfill at any time, respectively,
the usual equilibrium conditions (equilibrium equations and static
boundary condition) and the usual compatibility conditions
(strain-displacement relationships and kinematic boundary condi-
tions), when the couple (o, €) has to fulfill the elastoplastic con-
stitutive law of the material. The elastoplastic evolution problem
in the framework of ISM is based on the set of equations [19,30]
such as the classical hypothesis of strain decomposition in elasto-
plasticity: 6=8¢+8P and Hooke’s elastic law: 6=S"'£¢, where § is
the flexibility matrix and the plastic flow rule, which is defined as
an implicit normality law through Egs. (11) and (12), where the
couple (c,é") is extremal for the plastic bipotential b,. So, the
history of the couple (o, €”) associated with the strain history &(z)
(the parameter ¢ denotes the time in the sense of plasticity) is the
solution (o(z),e”(r)) of the multivalued differential equation sys-
tem of first order such as So+&P=£(t), where (o, &P) is extremal
for b,. In order to determine the entire elastoplastic behavior, on
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Fig. 2 Elastoplastic evolution (associated and nonassociated
cases)

the basis of extended variational principles, a time integration
scheme was adopted (see e.g., [19,30]). As an example of results
of this elastoplastic evolution, Fig. 2 shows the elastoplastic be-
havior of an infinite half plane indentation, for associated and
nonassociated cases, by a rigid punch with smooth border [19]
using controlled displacement. In this application, the deformable
body is made with a frictional elastoplastic material with Young’s
modulus £=30,000 psi, Poisson’s coefficient v=0.3, a cohesion
¢=10 psi, and a friction angle ¢=20 deg; the dilatancy angle 6
was considered between 0 deg and 20 deg. The problem is dealt
with in plane strain conditions using a quadratic finite element
model. Note that at any stage of the incremental behavior, the
elastoplastic law is normally fulfilled, i.e., the couple (o, €) fulfills
the elastoplastic behavior of the constitutive material and then by
the strain-displacement relationships the couple (o,u) will be
also. Furthermore, by following this incremental behavior step by
step, by increasing the loading intensity, the plastic regions ex-
pand, merge, and the other regions (rigid or elastic) of the struc-
ture at stake could not prevent the formation of a plastic mecha-
nism. This situation of collapse is an asymptotic state of the
elastoplastic evolution called a plastic collapse or plastic flow
mechanism characterized by displacement velocities # and strain

rates & that may be large under constant loading f' and 7. The
loading corresponding to this state is called the limit load. The
stresses tensor o has to be statically and plastically admissible and
the velocity displacement u has to be kinematically and plastically
admissible [19,30]. Consequently, this couple that characterizes
the limit state verifies the principle of virtual power.

In the same line of reasoning, we can add a significant example
of traction-compression in plane strain conditions [26], we dealt
with the elastoplastic behavior by means of a semi-analytic calcu-
lation and a finite element computation in the situation of nonas-
sociated flow rule with the Drucker—Prager criterion. It was shown
that the limit load obtained in a direct way using the approach
presented in this paper coincides exactly with the limit load ob-
tained by the elastoplastic computation; this is valid for all cases
tested of nonassociated situations. Furthermore, in the framework
of shakedown analysis, the asymptotic solution from an elasto-
plastic evolution and the direct bearing capacity load do not seem
to depend on the initial state (see Remark on page 17 of Ref.
[31]). If this is true for the shakedown analysis, we think that it
will be also for the limit analysis as a particular case of the pre-
vious one. Hence, it may be concluded from these applications of
elastoplastic testing that the plastic limit state and then collapse
loads would not depend on initial conditions and the elasticity
when the flow rule is nonassociated as it is true for the associated
case. We can also add that within a plastic limit state for rigid
perfectly plastic materials, related to a plastic flow mechanism,
limit load, and stresses become constant despite of displacement
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velocity and strain rates evolution. Because the linear feature of
the relationship between stresses and elastic strains part via
Hooke’s law (¢=Sa+&F), we may state that the elastic strain rates
will vanish if stresses within the body are constant, this is the case
with the plastic limit state. This observation remains valid and
independent of the plastic behavior of the material if it is associ-
ated or nonassociated. In the sequel, the plastic part of strain rates
tensor is omitted.

To close this discussion on the validity of the limit load concept
in the situation of the nonassociated case, referring to a previous
paper (see Ref. [22]), which dealt with nonassociated limit analy-
sis of plane frames with frictional contact support by adopting the
same approach of the bipotential concept as presented in this pa-
per, limit loads obtained by the kinematic and static formulations
are exactly identical. These results show that the limit loads are
correct and the kinematic and static formulations are dual in the
sense that the lower bound is exactly equal to the upper one.

Come back to the limit analysis framework where the common
starting point of kinematic limit analysis approach consists of the
consideration of admissible velocity fields. Let us consider now ()
as a rigid perfectly plastic body of boundary S subjected to body

forces f and to surface tractions 7 on the part S, of S. On the other
hand, it is subjected to zero velocity on the second part S, of S.
Besides, as usual in limit analysis, the body forces and surface
tractions are assumed to be proportional to the reference loads

such as f=af" and 7= a®, where f° and 7 are fixed and represent
the reference loading with a positive number « called load factor.
To begin with, let us recall some definitions.

A velocity field i is said to be kinematically admissible (KA)
if the following compatibility conditions are fulfilled.

&) =grad, #* within Q and 4#*=0 on S, (16)

On the other hand, a stress field o” is said to be statically admis-
sible (SA) if the following equilibrium equations are satisfied.

div ¢* = - o/f° within Q and #(¢®) =0’ - n=7= '

In Eq. (17), & is a non-negative real number called static factor
and associated to the SA stress tensor through Eq. (17). For any
SA stress field o* and KA velocity field i, the usual principle of
virtual power can be stated in the following form:

fo—‘.é(u")dﬂzf uk.fdsuf i . wdS
Q Q N

1

(18)

3.1 Limit State and Load Factors. As it was discussed in the

beginning of Sec. 3, let 7 and f' be, respectively, the loading of
surface tractions and body forces causing the plastic collapse of a
given structure. Recall that this limit loading could be reached by
an elastoplastic way step by step as it was shown previously. For
the limit state, the collapse mechanism is characterized by a ve-
locity field # and a static one o within the structure at stake. The
elementary internal power, represented by the plastic dissipation,
for the limit state, is equal to the product o. €. On the other hand,

the elementary external power created by the external loading 7
and f for the velocity field i is composed, respectively, of the two

terms .7 and i f'.

Consequently, by taking into account that the couple (o,€) is
extremal for the bipotential defined by the relation (10), the prin-
ciple of virtual power can be stated as follows:

fbp(é(bl),a)d(l:f u.?d5+f i fldQ (19)
Q s Q
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We insist on the fact that the so-called limit state must not be
trivial in the sense that an external positive power is dissipated
plastically within the structure. Considering a non-negative load
factor, the formulation (18) leads, for any kinematically admis-
sible velocity field #* to

fuk.?’dmj i* . 2d0 >0
S Q

1

(20)

Let o be the load factor such that #=a/f and f'=a/f". The posi-
tive number o is called limit load factor and it can be defined
without ambiguity by the previous equality such that

f b,(&(11),0)dQ) = a1|: J
QO S

or, because of # is an admissible velocity field:

u.i"dS+J u.f“dn} (21)
QO

1

o = Jab,(£(i),)d()
S5 1dS + [oiic. fdQ

(22)

By analogy with the definition of the limit load factor, the kine-
matic one, denoted of, associated to a velocity field ik, character-
izing an admissible mechanism is defined by the following rela-
tion:

ak _ f()bp(é(uk)9o-)dﬂ
Js it . dS + [ i . fdQ

(23)

Because the bipotential is a homogeneous function of order one
with respect to the velocity field ¥, the normalization condition,
usually adopted in this kind of problems, is used. So, it allowed
imposing a normalization condition as usual:

fuk.?’dﬁf ik a0 =1
S Q

Then, the kinematic load factor is identical to the virtual dissipa-
tion:

(24)

o= f b,(8("),0)dQ) (25)
Q

3.2 Upper Bound Problem for the Nonassociated Plastic
Flow. The limit analysis theory is one of direct fundamental meth-
ods allowed to find the plastic limit state without performing com-
plete elastoplastic computations. The background of this analysis
constitutes limit analysis theorems, static and kinematic ones, on
which the method can be applied effectively to engineering prob-
lems. On the basis of the bipotential theory, the two limit analysis
theorems are extended to the nonassociated case. In the present
work, only the kinematic approach will be treated. Using consti-
tutive relations and the definition of the bipotential concept, the
kinematic approach is based on the following kinematic proposi-
tion [21]: Let o be a limit load factor associated to a limit state
(11,0) and o a kinematic load factor associated to an admissible
velocity field, ik, one has of=d/.

Based on the previous kinematic theorem and the definition
(23) of the kinematic load factor and taking into account the nor-
malization condition (24), the limit state characterized by a couple
(i1, 0) can be determined by solving the following nonlinear math-
ematical programming problem:

Transactions of the ASME

Downloaded 04 May 2010 to 171.66.16.45. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Inf f b, (£(ii"),0)d )
Q

k

subject to: 4" admissible

fu".?od5+f ik PdQ =1
S Q

In this mathematical program, the stress field o is kept constant to
an optimal value corresponding to the limit state when the veloc-
ity field i* represents the unknowns of the problem. For the non-
associated Drucker—Prager model, the kinematical bound problem
takes the explicit form:

c
Inf f [
Q tan

subject to: ¥

(26)

é,,(ii) + r(tan @ —tan 6?)(L - Sm) |é(uk)|]dQ
® tan ¢

admissible, ¢, =rtan fé]| in Q

fu".i"ds+fu".f“dﬂ=l
S, Q

In the above constrained optimization problem, the constraint “zif
must be admissible” means that two conditions need to be satis-
fied. The first one is that strain rates must be derived from the
continuous velocity field ¥, which is supposed to verify boundary
conditions. The second constraint imposes the implicit normality
law. For realistic problems, the above mathematical program will
be solved by numerical procedures as in general finite elements
method. Some aspects require taking care of; the first one is the
presence of statical variables in the kinematic approach. This
statement is appropriate to the nonassociated flow rules. It is clear
that the problem becomes more complicated in comparison with
the standard formulation derived from the associated flow rule.
The second aspect is the no smooth nature of the objective func-
tion formulated by the bipotential. It may be remarked that when
0= ¢ (standard material), the flow rule is associated and the cou-
pling term appearing in the objective function in the above math-
ematic programming problem will disappear.

27

Inf f € ¢ (i9dQ
o tan @

k

admissible, ¢,,= r tan ¢||¢|

fuk.?’dmfuk.fod(z:l
S QO

1

subject to: u

(28)

4 Coupling Problem

For the nonassociated plastic behavior, the coupling term be-
tween stresses and strain rates is usually present in the plastic
bipotential. Naturally, the use of the kinematic approach leads
automatically to the use of kinematically admissible approxima-
tions as finite element method. So, the stress field appearing in the
mathematical programming problem will not be discretized and it
has no chance to verify neither equilibrium equation nor the plas-
ticity criterion. But, the constitutive relations relating stresses to
strain rates may be used. Recalling that theses relations are ex-
pressed as a subdifferential implicit law, o € d;b,(&,0), which
needs to be satisfied anywhere in the body. Then, the stress field
can be computed approximately when the velocity field is known.
Finally, the coupling problem will be solved iteratively by a suc-
cessive approximation algorithm as explained by the following
way.

We assume that we start from an initial state characterized by
the couple (11, 0) with null value. Let (i,'0%) denotes the value of
stresses and velocities at the ith iteration. It is assumed to be

Journal of Applied Mechanics

known at the current iteration. The value of the couple (i, o) at
the next iteration will be determined in two times, as follows:

e In this first step, the stress field appearing in the objective
function to minimize is taken as a simple parameter which
kept constant during this step having ¢’ as a value. In this
time, the value of strain rate #'*! is obtained by solving the
kinematical problems (26) or (27) for the Drucker—Prager
model. A package software of optimization computation is
used for solving the nonlinear mathematical programming
problem having the velocity field as variables.

¢ In the second time, this is the stress field that will be com-
puted by means of the constitutive relations (11) by keeping
the velocity field constant and equal to #*! obtained in the

previous step.

This iterative process will be repeated as far as convergence
using one of usual criteria. This algorithm concerned with the
solving of the coupling question between stresses and strain rates
or velocities is applied in the case of the determination of the limit
state of frames with presence of frictional contact supports [22].
In the present paper, the same procedure will be applied to a
simple loading body in plane strain conditions (see Sec. 6).

5 Regularization of the Plastic Bipotential

The plastic bipotential, like the plastic dissipation, constituting
the objective function of the kinematic problems (26) or (27) is
only subdifferentiable. Further, the stress filed is given by means
of a differential inclusion. To use correctly package software of
optimization computation that uses deterministic algorithms, the
nonlinear objective function must be differentiable. In fact, pack-
age software requires to precise the gradients of the objective
function. For this reason, we need to regularize the objective func-
tion. In this section, we present a procedure to regularize the plas-
tic bipotential by following the same steps used for standard ma-
terials presented in a previous paper [9]. The regularized model
used here consists to replace the rigid perfectly plastic behavior by
a fictitious linear viscous perfectly plastic one considering that the
total strain rate € is divided in two parts:

e'+¢el=¢ (29)
where €Y is a fictitious viscous strain rate related to stresses by
€'=S o, with the matrix S, is analogous to the elastic stiffened

one v:hereas the plastic part €” is given by the normality law (11).
The regularization method used here is based on the convolution
operation, which uses an auxiliary function that is deduced from
the linear viscous strain rate defined by the following separated
bipotential:

b,(e%,0) = V(&) + W(o) (30)
with
1 1 K. .

V(e') =8 o= 59;”5;18'” =@+ e
(31)

W(0) =20 & = 208,02 —(5,)? + I[P

= — . = — = — +
o 20’8 2000' 2;,Sm 4’u*s

where the decomposition £'=(¢},,¢é") is considered. The symbol

|||l being the norm defined by ||é||2=%(éSvé)%. The parameters K.
and p* are fictitious constants and must be estimated for each
problem. It is easy to show that the function defined by Eq. (30)
associated to the linear viscous law is a bipotential. The linear
viscous law and its inverse can be expressed as a normality rule
such that
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o € Jdpby(e',0) and &' e 9,b,(£%,0) (32)
or because the bipotential b, is a differentiable function the pre-

vious differential inclusion becomes

144

do  do

U

ab, IV b
o= , and &=

(33)

9g" 98"
The couple (€7, 0) satisfying the last relation is qualified as ex-
tremal for the bipotential b, and we have the following equality:

V. o=b,(e",0)=V(E") + W(o) (34)

to simplify the presentation and because W(o) is only function of
stresses, this part of b,(£", ) is omitted in the following. Let b be
the real function of two variables, the strain rate € and the stress
field o, obtained by the inf-convolution [9] of b, and b, with
respect to the plastic strain rate €”. Taking into account that &’
=g—¢&P, the regularized bipotential is obtained by

b(¢,0) =Inf{b,(¢ — &’,0) + b,(¢",0)}
&P

(35)

subject to: ¢ =rtan fé’| in Q

with the stress field o belongs to the set of plastically admissible
stresses. For the associated or the nonassociated Drucker—Prager
or von Mises materials, the minimum of Eq. (35) with respect to
the plastic strain rate €” can be easily determined analytically. By
excluding the vertex of the Drucker—Prager cone and supposing
that the equality is reached in the mathematical constraint of Eq.
(35), éb is eliminated from Eq. (35) and the regularized bipoten-
tial takes the explicit form:

K;
b(s,0) = Ipf{ ?‘(ém —rtan 6)¢”|)* + w'|é - é”|* + rlc — (tan ¢

VL

—tan a)sm]”ép”} (36)
The stationary condition in Eq. (36) corresponding to the optimum
with respect to the plastic strain deviator é” provides the following
relation:

. 1 ]
2uté= {Z,u* + M[Kjr tan 6(r tan 6¢”| - é,,) + r(c - (tan ¢
é
—tan G)sm)]}ép (37)

which shows that the vectors é” and (2u*é) are collinear, and ¢é”
=|é”|AA, where 7 is the unitary vector in the direction of deviatoric
rate tensor é defined by é/|/¢||. By making equal the norms of the
two hands of Eq. (37), one obtains easily:

léll = e lc - (tan @ —tan O)s,,— K tan 6¢,,)]

1

m(“éﬂ —glc—(tan ¢

K,
b@w=;@m+ﬁhW—

—tan 6)s,, - K. tan Gém])z}

K .
bl&,) = =€) + wlel? (38)
where the constants &, and g, are introduced for convenience such
as K./ (2u*) and e,=r/(2u*). Finally, the mathematical program-
ming problems (26) or (27) representing the kinematic approach is
modified as follows:

031016-6 / Vol. 77, MAY 2010

< linch >

YYYVYYVVYVYVYY

| T
‘|
| g
| 2
N
IA Y
| x

P HONONONONONONE

Fig. 3 Geometry and boundary conditions

Inf f b((i"), 0)dQ
Q

k

subject to: u#* admissible

fu".iodS+f ik fd0 =1
S Q

1

(39)

Remark. The particular case, corresponding to the associated
Drucker—Prager model, is obtained by considering the dilatancy
angle be equal to the internal angle of friction:

1
(el - zdle
¢

K*
b(s.0) = =<6 2+ u |é|f - ——————
(.0) = (6, M{leﬂ e~

- K tan qoe'm])z} (40)
For the von Mises model, the regularized bipotential is obtained
by considering the dilatancy angle and the internal angle of fric-
tion to be equal to zero:
. K: 22 1] 5112 s 2
b(&.0) = —2(&,) + w{llell* = (el = e} (41
A simple illustration of the presented regularized method to solve
the upper bound kinematical problem is shown in a previous paper
dealing with kinematic limit analysis in the case of standard ma-
terial [9].

6 Simple Traction and Compression of a Square Block

Let us consider a square block (Fig. 3) of granular material with
edges parallel to the x, y, and z axis subjected to traction and
compression actions on its edges, under plane strain conditions,
between two rigid and smooth plates. The material properties of
the material used for numerical computation are ¢=30 psi, ¢
=40 deg, and 6=0 deg.

The structure is supposed to be subjected, by means of the two
rigid smooth plates, to a pressure distributed uniformly on the y
direction, 7\,=aT),. Because the area surfaces are equal to the
unity, the stress o, is constant in the body and related to a refer-

ence stress o such as o,=ac", where 0'8 may be chosen as 0'?,

=1 for the trayction and o =-1 }for the compression case. Because
the lateral edges are free, the stress o, in the direction x is sup-
posed to be zero. By considering the simplest homogeneous de-
forming fields, the strain rates are constant in the specimen and
equal to their corresponding horizontal and vertical displacement
rates: ,=u, and &,=1u,. For this simple application, the regular-
ized kinematic problem can be expressed as follows:
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Fig. 4 Limit load: compression case

Inf J b((u),0)dQ)
Q

subject to: # admissible
0. 0. (42)
oyl + oy, =1
. . . ob b
with the constitutive relations: o= —, o,=—— (43)
ou, o du,

where the loading references 02 and o(v) are such that O'S is as-
sumed to be equal zero and 02: +1.

The initial value of the couple (i,0) is taken equal zero. By
applying the iterative process presented in Sec. 4, limit loads and
stresses are computed. They are obtained by the approached con-
stitutive relations (43). The evolution of the limit loads and
stresses during iterations for compression case are illustrated in
Figs. 4 and 5, For the traction case, these variables are presented
in Figs. 6 and 7.

It may be remarked that for the traction case, the limit load and
the stresses in the body at limit state converge to the analytic ones
by increasing with oscillation. On the other hand, for the compres-
sion case, theses magnitudes converge without oscillating. The
limit loads, by numeric approach, are plotted later with respect to
the nonassociativity ratio p=tan 6/tan ¢.

7 Numerical Computation

To perform practical problems, the finite element method is
adopted. As usual in kinematic approaches, the discretization of
the displacement field is defined by the relation:

o e m e EemeEm-EimoEE-mimomaE-mimoma-uem
5N i —*— Stress &,
E *, — +—Siress G,
L
= 1o . \""n — o— SfTess Gy
% -‘_"-"t--l.-l--.l-a-t.-d.--l.-a.-t-t-a.-.l.
L] -60
s
E +
i -BO- Y
4
+-
-1004 .
B
-120 T T T T T
o 5 10 15 20
Tterahom

Fig. 5 Stresses: compression case
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Fig. 6 Limit load: traction case

i(x) =N(x)U (44)

where U is the unknown nodal velocity vector and N(x) is the
matrix of polynomial shape function. By considering the compat-
ibility conditions, the strain tensor rate field is defined by

£(x)=B(x)U (45)
where B(x) is the classic matrix composed by the first derivatives
of shape functions with respect to space variables: B(x)
=grad, N(x). In the following, we suppose that the structure is
discretized in a number ne of finite elements. The regularized
bipotential (38) is given by the following discretization form:

ne

m&w:fmamm=2
QO

i=1Jq,

b(B(x)U,0)dQ  (46)

On the other hand, the discretized form of the normalization con-
dition in terms of nodal velocity vector is

Fﬁ.(/:f u.f"dn+f i.0ds=>, | u.fd0
Q 5 i=1 Jo,

noe

+2
i=1

With noe is the number of finite elements of the boundary, where
forces are imposed and S, represents the length of a finite ele-
ment on the boundary S;. F is a reference imposed nodal forces
on the part S; of the boundary, it is defined by

u.?.ds=1

ge

(47)
s

5o
i — = — Stress 6,
TR — + — Stress &,
J — a— Stress o,
+
= 304 .
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Fig. 7 Stresses: traction case
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(48)

Fy= f NTRIO + f NTPds
QO S

1
As mentioned before in Sec. 4, the couple (U, o) characterizing
the limit state will be computed by an iterative procedure in two
steps. Starting with the fact that the couple (U7, ¢%) is known and

after, we are looking for (U™*!, o®*!):

L. o is fixed and a new approximation U™ is computed by
solving the following minimization problem by a nonlinear
mathematical programming algorithm. To deal with, MINOS
software [32] is used.

Inf f b(B(x)U,0)dQ)
Q

subjected to: FgU:l (49)

- U™ is fixed and a new approximation ¢*! is computed by
using constitutive relations. Taking into account that the
regularized bipotential is differentiable:

(9b(Ui+1, o)
de

Ui+l — (50)
Remark. In order to obtain a well conditioned optimization
problem by a suitable scaling of the unknown vector U™*! and the

objective function B(U, o), we consider the following scaling:

U=U/Uy and B=B/By (51)

where Uy and By are estimated as follows:

. Fp
Up=—"2
R ZEA

r

and By=FpUyg (52)
with Fp, is a reference imposed force on the boundary S| and E is
a fictitious reference Young’s modulus.

7.1 Traction and Compression of a Square Block. We con-
sider the same square block, showed in Fig. 3, for which an exact
solution is presented before (see Sec. 6 and Ref. [26]). Recalling
that the specimen in plane strain condition obeys to the Drucker—
Prager model and nonassociated flow rule with the following
properties: cohesion: ¢=30 psi, an internal angle of friction: ¢
=40 deg, the dilatancy angle 6 may take values between 0 deg
and 40 deg. The domain is discretized by isoparametric finite el-
ements with three nodes triangles. Because the stresses are ho-
mogenous in the specimen, we use only two finite elements. Limit
loads found by the presented algorithm are plotted at Figs. 8 and
9, for different values of 8 and for the cases, respectively, traction
and compression. Even we used only two finite elements, the re-
sult graphics show a very good agreement between analytic and
numeric solutions and this is true for all values of the dilatancy
angle between 0 deg and 40 deg. Fictitious values used in this
computation are E*=10° and v*=0.3.

7.2 Infinite Half-Plane Punching. One of the most interest-
ing problems for testing numerical results is the infinite half plane
punching process satisfying the plane strain condition. For this,
consider a frictional plastic material characterized by a cohesion
¢=10 psi and a friction angle ¢=20 deg or ¢=30 deg. The di-
latancy angle 6 is between 0 deg and ¢. Taking into account the
symmetry, the geometry, the loading, and boundary conditions
used here are showed in Fig. 10 below. The loading considered
here is assumed to be only a pressure uniformly distributed be-
neath the punch. The mesh used for this computation is showed
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Fig. 8 Limit loads (comparison of result): compression

in Fig. 11 with linear (T3) or nonlinear (T6) triangular finite
elements.

As usual in this kind of problems, we define the bearing capac-
ity factor N, by the limit load divided by the half-width of the
punch and by the cohesion. Limit loads in terms of the bearing
capacity factor found by the present algorithm for different values
of the angle € between 0 deg and 30 deg are plotted in Fig. 12
using the mesh of 99 T3. In the case of using the mesh of 99 T6,
N, is plotted in Fig. 13 but only for 18 deg= 0=30 deg. In fact,
we remarked that, for used nonlinear finite elements, the algo-
rithm encountered some convergence problems when a high ac-
curacy of the convergence criterion is specified on the constitutive
laws. This is true for dilatancy angle values less than about 18
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Fig. 9 Limit loads (comparison of result): traction
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Fig. 10 Mathematical model: geometry and boundary

conditions
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Fig. 11 Mesh used: 99 linear triangular finite elements

deg. The convergence aspect using the mesh of 99 T3, for an
example of nonassociative case (¢=30 deg and 6=10 deg), is
showed in Fig. 14.

From all these results it can be noted that the limit load of a
nonassociative material (6< @) is always less than the one corre-
sponding the standard case (6=¢). The variation way of the limit
loads with respect to the dilatancy angle is the same for the all
examples as presented previously (square block and punching pro-
cess). The comparison between the degree of the finite element
show that the linear kind is more adequate from point of view of
convergence but the nonlinear kind is more economic. Then, the
use of linear finite element mesh requires in general refining
meshes.

Keeping all things the same, only we change the internal angle
of friction to 20 deg, Figures 15 and 16 present the bearing ca-

1,04 L
5 081
I
S 0,6
2 0
E’J‘DA_ ¢9=300
g =10
5 0,24
& .
DID_ ...-'.IIIII--IIIIII
T T T v T
u] 5 10 15 20 25
Iteration

Fig. 14 Error norm of stress as function of number of itera-
tions ¢=30 deg and #=10 deg

pacity factor with respect to the dilatancy angle using respectively
99 linear triangular element T3 and 99 T6. The obtained results
confirm what we already said for the case of ¢=30 deg.

Figures 17 and 18 show the collapse mechanisms using velocity
field for the two cases (=30 deg and 6#=30 deg) and (¢
=30 deg and =10 deg).

8 Conclusion

The application of limit analysis by the use of kinematic ap-
proach to nonassociated rigid perfectly plastic materials has been
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Fig. 12 Bearing capacity factor Nc: mesh of 99 linear T3
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investigated. The plastic bipotential representing the plastic dissi-
pation has been not differentiable and contains a coupling term
characterizing the nonassociated standard behavior. With the help
of the inf-convolution concept, we are able to avoid difficulties
caused by the nondifferentiability of the plastic dissipation. Fur-
ther, this mathematical tool allows us to deduce, in an approxi-
mate manner, the stress field by using the constitutive relations, as
an approached gradient of the objective function. The application
of this algorithm on a simple academic problem shows the feasi-
bility of these procedures. The use of the finite element method
allows us to perform important practical problems like punching.
Then, we showed that how the limit load varies with respect to the
dilatancy angle. Difficulties related to the convergence of the al-
gorithm for some values of the dilatancy angles and nonlinear
finite elements need more attention. To close this conclusion, we
mention that the old question of nonuniqueness connected to the
nonassociated plasticity discussed, e.g., in Refs. [33,34] is not
addressed in this paper. In a previous work using two pads [35], it
has been shown that the limit load could be not unique. However,
it is a very particular example and we do not think we can draw
general conclusions. This important issue deserves further discus-
sion and remains an open question.

Nomenclature
f = loading function stress
b bipotential
stress deviator
" hydrostatic pressure
displacement vector
= structure volume
Sy = part of the boundary S of
where displacement are imposed
S; = part of the boundary S of ()
where tractions forces are
imposed
& = strain tensor
stress tensor
t traction field
e,, = trace of strain tensor
el = trace of plastic strain tensor
e = strain deviator

T
1)
[ |

o)
|
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e = plastic strain deviator
= cohesion
= internal angle of friction
plastic dilatancy angle
= plastic potential
= kinematical load factor
= statical load factor
limit load factor
set of plastically admissible stress
set of plastically admissible strain
Euclidian norm
tx = indicator function of the set K:
Yx=0 if x € K and ¢g(x) =+
elsewhere
grad, = symbol of symmetric gradient
div = symbol of divergence

QO 6 o
Il

] ]
\

QN
I

=
(1l

)

) ={y| Vx' f(x")
-f)=y. (" -x)}

subdifferential of the function f at
X
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